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Beshtoev Kh. M.
Joint Institute for Nuclear Research, Joliot Curie 6, 141980 Dubna,
Moscow region, Russia
Abstract
The theoretical schemes on neutrino oscillations are considered.
The experimental data on neutrino oscillations from Super-Kamiokande
(Japan) and SNO (Kanada) are given. Comparison of these data with
theoretical schemes is done. Conclusion is made that the experimen-
tal data have confirmed the scheme only with transitions (oscillations)
between aromatic νe, νµ, ντ neutrinos with maximal mixing angles.
PACS: 12.15 Ff Quarks and Lepton masses and mixings.
PACS: 12.15 Ji Application of electroweak model to specific processes.
1 Introduction
The suggestion that, by analogy with Ko, K¯o oscillations, there could
be neutrino oscillations (i.e., that there could be neutrino-antineutrino
oscillations ν → ν¯) was considered by Pontecorvo [1] in 1957. It
was subsequently considered by Maki et al. [2] and Pontecorvo [3]
that there could be mixings (and oscillation) of neutrinos of different
aromas (i.e., νe → νµ transitions).
The problem of solar neutrinos arose after the first experiment per-
formed to measure the flux of neutrinos from the Sun by the 37Cl−37Ar
[4] method. The flux was found to be several times smaller than ex-
pected from calculations made in accordance with the standard solar
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model (SSM) [5]. It was suggested in [6] that the solar neutrino deficit
could be explained by neutrino oscillations. Subsequently, when the
result of the experiment at Kamiokande [7] confirmed the existence
of the deficit relative to the SSM calculations, one of the attractive
approaches to the explanation of the solar neutrino deficit became
resonant enhancement of neutrino oscillations in matter [8]. Reso-
nant enhancement of neutrino oscillations in matter was obtained from
Wolfenstein’s equation for neutrinos in matter [9]. It was noted in Ref.
[10] that Wolfenstein’s equation for neutrinos in matter is an equation
for neutrinos in matter in which they interact with matter not through
the weak but through a hypothetical weak interaction that is left-right
symmetric. Since in the standard weak interactions participate only
left components of neutrinos the results obtained from Wolfenstein’s
equation have no direct relation to real neutrinos.
Later experimentalists obtained the first results on the Gran Sasso
71Ga −71 Ge experiment [11], that within a 3σ limit did not disagree
with the SSM calculations. The new data from the SAGE experiment
[12] are fairly close to the Gran Sasso results.
In Ref. [13], the author of this article proposed a new mecha-
nism of enhancement of neutrino oscillations in matter that is realized
through the weak interaction of oscillation neutrinos with matter if
the thickness of this matter is sufficiently great. Later in works [14]
it was shown that since the standard weak interactions cannot gen-
erate masses, the resonance enhancement of neutrino oscillations in
matter cannot be realized without violation of the energy-momentum
conservation law.
Besides the experimental devices marked above, at present there
are working Super-Kamiokande [15-17] and SNO [18] detectors. The
experimental results obtained with SNO detector present a great in-
terest since they can be used for modelness analysis of neutrino oscil-
lations.
After the discovery of neutrino oscillations on Super-Kamiokande
[19] (by non direct method) and on SNO [20] (by direct method) it
is necessary to analyze the situation which arises in the problem of
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neutrino oscillations.
In this work theoretical schemes of neutrino oscillations and their
analyses are considered. Also the experimental data obtained on
Super-Kamiokande (Japan) and SNO (Canada) are given. Compar-
ison of these data with consequences in the theoretical schemes has
been carried out.
2 Theory
2.1 Distinguishing Features of Weak Interactions
The strong and electromagnetic interaction theories are left-right
systemic theories (i.e. all components of the spinors participate in
these interactions symmetrically). In contrast to this only the left
components of fermions participate in the weak interaction. We will
consider some consequences deduced from this specific feature of the
weak interaction.
The local conserving current jµi of the weak interaction has the
following form:
jµi = Ψ¯Lτ
iγµΨL, (1)
where Ψ¯L,ΨL are lepton or quark doublets
 e
νe


iL
(2)

 q1
q2


iL
, i = 1− 3,
where i is aromatic number of quarks or leptons.
The currents Sµi obtained from the global abelian transformation
by using Neuter theorem [21] are
Sµi = i(Ψ¯i∂µΨi), (3)
(where i characterizes the type of the gauge transformation) and the
corresponding conserving current (the forth component of Sµi ) is
Ii =
∫
S0i d
3x =
∫
ǫΨ¯iΨid
3x, (4)
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where ǫ is the energy of fermion Ψi.
Since we cannot switch off the weak interactions, then while the
particle is moving in vacuum all the effects connected with these in-
teractions will be realized.
If now we take into account that the right components of fermions
Ψ¯iR,ΨiR do not participate in the weak interaction, then from (4) for
abelian currents we get
Ii =
∫
ǫΨ¯iLΨiLd
3x ≡ 0, (5)
i.e. (in contrast to the strong and electromagnetic interactions) no
conserving additive numbers appear in the weak interaction. How-
ever, we can see from experiments that the hierarchical violation of
these additive numbers takes place here (see [22] and references there).
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2.2 About Neutrino mass
a) Hypothesis: A massless free particle cannot have a charge. An
example of this case is photon (carrier of the electromagnetic inter-
actions), which has no charge. To gluons, which are in the confining
state, this hypothesis cannot be applied. In application to neutrino
having a weak charge, this hypothesis drives to a conclusion: the neu-
trino participating in weak interactions cannot be massless. In work
[23] this hypothesis at sufficiently common suppositions was proved.
b) The discovery of neutrino oscillations is an additional confirma-
tion of the conclusion that it is a massive particle.
2.3 Theory of Neutrino Oscillations
In the old theory of neutrino oscillations [24, 6], constructed in the
framework of Quantum theory in analogy with the theory of Ko, K¯o
oscillation, it is supposed that mass eigenstates are ν1, ν2, ν3 neutrino
states but not physical neutrino states νe, νµ, ντ , and that the neutrinos
νe, νµ, ντ are created as superpositions of ν1, ν2, ν3 states. This means
that the νe, νµ, ντ neutrinos have no definite mass, i.e. their masses
may vary in dependence on the ν1, ν2, ν3 admixture in the νe, νµ, ντ
states. Naturally, in this case the law of conservation of the energy
and the momentum of the neutrinos is not fulfilled. Besides, every
particle must be created on its mass shell and it will be left on its
mass shell while passing through vacuum. It is clear that this picture
is incorrect.
In the modern theory on neutrino oscillations [25]-[26], constructed
in the framework of the particle physics theory it is supposed that:
1) The physical states of the νe, νµ, ντ neutrinos are eigenstates
of the weak interaction and, naturally, the mass matrix of νe, νµ, ντ
neutrinos is diagonal. All the available, experimental results indicate
that the lepton numbers le, lµ, lτ are well conserved, i.e. the standard
weak interactions do not violate the lepton numbers.
2) Then, to violate the lepton numbers, it is necessary to introduce
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an interaction violating these numbers. It is equivalent to introducing
nondiagonal mass terms in the mass matrix of νe, νµ, ντ . Diagonal-
izing this matrix we go to the ν1, ν2, ν3 neutrino states. Exactly like
the case of Ko mesons created in strong interactions, when mainly
Ko, K¯o mesons are produced, in the considered case νe, νµ, ντ , but not
ν1, ν2, ν3, neutrino states are mainly created in the weak interactions
(this is so, because the contribution of the lepton numbers violating in-
teractions in this process is too small). And in this case no oscillations
take place.
3) Then, when the νe, νµ, ντ neutrinos are pass through vacuum,
they will be converted into superpositions of the ν1, ν2, ν3 owing to
the presence of the interactions violating the lepton number of neu-
trinos and will be left on their mass shells. And, then, oscillations
of the νe, νµ, ντ neutrinos will take place according to the standard
scheme [24-26]. Whether these oscillations are real or virtual, it will
be determined by the masses of the physical neutrinos νe, νµ, ντ .
i) If the masses of the νe, νµ, ντ neutrinos are equal, then the real
oscillation of the neutrinos will take place.
ii) If the masses of the νe, νµ, ντ are not equal, then the virtual
oscillation of the neutrinos will take place. To make these oscillations
real, these neutrinos must participate in the quasielastic interactions,
in order to undergo transition to the mass shell of the other appropri-
ate neutrinos by analogy with γ − ρo transition in the vector meson
dominance model. In case ii) enhancement of neutrino oscillations will
take place if the mixing angle is small at neutrinos passing through a
bulk of matter [13, 27].
So, the mixings (oscillations) appear since at neutrinos creating
eigenstates of the weak interaction are realized (i.e. νe, νµ, ντ neutri-
nos) but not the eigenstates of the weak interaction violating lepton
numbers (i.e. ν1, ν2, ν3 neutrinos) and then, when passing through
vacuum, they are converted into superpositions of ν1, ν2, ν3 neutrinos.
If ν1, ν2, ν3 neutrinos were originally created, then the mixings (oscilla-
tions) would not have taken place since the weak interaction conserves
the lepton numbers.
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Now we come to a more detailed consideration of the oscillations.
For simplification we consider the oscillation of two types of neutrinos
νe, νµ having lνe, lνµ numbers which can transit each into the other.
We can use the mass matrix of νe, νµ neutrinos to consider transitions
between these particles in the framework of the quantum theory (or
particle physics) since the mass matrix is an eigenstate of the type of
interaction which creates these particles (see below).
The mass matrix of νe and νµ neutrinos has the form
 mνe 0
0 mνµ

 . (6)
Due to the presence of the interaction violating the lepton num-
bers, a nondiagonal term appears in this matrix and then this mass
matrix is transformed into the following nondiagonal matrix (CP is
conserved): 
 mνe mνeνµ
mνµνe mνµ

 , (7)
then the lagrangian of mass of the neutrinos takes the following form
(ν ≡ νL):
LM = −12
[
mνeν¯eνe +mνµ ν¯µνµ +mνeνµ(ν¯eνµ + ν¯µνe)
] ≡
≡ −12(ν¯e, ν¯µ)

 mνe mνeνµ
mνµνe mνµ



 νe
νµ

 , (8)
which is diagonalized by turning through the angle θ and (see ref. in
[24]) and then this lagrangian (8) transforms into the following one:
LM = −1
2
[m1ν¯1ν1 +m2ν¯2ν2] , (9)
where
m1,2 =
1
2
[
(mνe +mνµ)±
(
(mνe −mνµ)2 + 4m2νµνe
)1/2]
,
and angle θ is determined by the following expression:
tg2θ =
2mνeνµ
(mνµ −mνe)
, (10)
7
νe = cosθν1 + sinθν2,
νµ = −sinθν1 + cosθν2. (11)
From eq.(10) one can see that if mνe = mνµ, then the mixing angle is
equal to π/4 independently of the value of mνeνµ:
sin22θ =
(2mνeνµ)
2
(mνe −mνµ)2 + (2mνeνµ)2
, (12)

 mν1 0
0 mν2

 .
It is interesting to remark that expression (12) can be obtained
from the Breit-Wigner distribution [28]
P ∼ (Γ/2)
2
(E − E0)2 + (Γ/2)2 , (13)
by using the following substitutions:
E = mνe, E0 = mνµ, Γ/2 = 2mνe,νµ,
where Γ/2 ≡W (...) is a width of νe → νµ transition, then we can use
a standard method [26, 29] for computing this value.
The expression for time evolution of ν1, ν2 neutrinos (see (9), (11))
with masses m1 and m2 is
ν1(t) = e
−iE1tν1(0), ν2(t) = e−iE2tν2(0), (14)
where
E2k = (p
2 +m2k), k = 1, 2.
If neutrinos are propagating without interactions, then
νe(t) = cosθe
−iE1tν1(0) + sinθe−iE2tν2(0),
νµ(t) = −sinθe−iE1tν1(0) + cosθe−iE2tν2(0). (15)
Using the expression for ν1 and ν2 from (11), and putting it into (15),
one can get the following expression:
νe(t) =
[
e−iE1tcos2θ + e−iE2tsin2θ
]
νe(0)+
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+
[
e−iE1t − e−iE2t] sinθ cos θνµ(0), (16)
νµ(t) =
[
e−iE1tsin2θ + e−iE2tcos2θ
]
νµ(0)+
+
[
e−iE1t − e−iE2t] sinθcosθνe(0).
The probability that neutrino νe created at the time t = 0 will be
transformed into νµ at the time t is an absolute value of amplitude
νµ(0) in (16) squared, i. e.
P (νe → νµ) =| (νµ(0) · νe(t)) |2=
= 12 sin
2 2θ
[
1− cos((m22 −m21)/2p)t
]
,
(17)
where it is supposed that p≫ m1, m2;Ek ≃ p+m2k/2p.
The expression (17) presents the probability of neutrino aroma
oscillations. The angle θ (mixing angle) characterizes value of mixing.
The probability P (νe → νµ) is a periodical function of distances where
the period is determined by the following expression:
Lo = 2π
2p
| m22 −m21 |
. (18)
And probability P (νe → νe) that the neutrino νe created at time
t = 0 is preserved as νe neutrino at time t is given by the absolute
value of the amplitude of νe(0) in (16) squared. Since the states in
(16) are normalized states, then
P (νe → νe) + P (νe → νµ) = 1. (19)
So, we see that aromatic oscillations caused by nondiagonality of
the neutrinos mass matrix violate the law of the −ℓe and ℓµ lepton
number conservations. However in this case, as one can see from exp.
(19), the full lepton numbers ℓ = ℓe + ℓµ are conserved.
We can also see that there are two cases of νe, νµ transitions (os-
cillations) [26], [29].
1. If we consider the transition of νe into νµ particle, then
sin22β ∼= 4m
2
νe,νµ
(mνe −mνµ)2 + 4m2νe,νµ
, (20)
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if the probability of the transition of νe particles into νµ particles
through the interaction (i.e. mνe,νµ) is very small, then
sin22β ∼= 4m
2
νe,νµ
(mνe −mνµ)2
∼= 0. (21)
How can we understand this νe → νµ transition?
If 2mνe,νµ =
Γ
2 is not zero, then it means that the mean mass of
νe particle is mνe and this mass is distributed by sin
22β (or by the
Breit-Wigner formula) and the probability of the νe → νµ transition
differs from zero and it is defined by masses of νe and νµ particles and
mνe,νµ, which is computed in the framework of the standard method,
as pointed out above.
So, this is a solution of the problem of the origin of mixing angle
in the theory of vacuum oscillations.
In this case the probability of νe → νµ transition (oscillation) is
described by the following expression:
P (νe → νµ, t) = sin22βsin2

πt| m
2
ν1 −m2ν2 |
2pνe

 , (22)
where pνe is a momentum of νe particle.
Originally it was supposed [6, 24] that these oscillations are real
oscillations. However we see that these oscillations are virtual because
when νe really transits into νµ, then it can decay into electron neutrino
plus something, i.e. we gain the energy from vacuum, which is equal
to the mass difference ∆m = mνµ − mνe (momenta of νe and νµ are
equal at oscillations). Then it is clear that at real νe → νµ transition
the law of energy conservation is violated. This law can be fulfilled
only at virtual νe → νµ transitions.
2. If we consider the virtual transition of νe into νµ neutrino at
mνe = mνµ (i.e. without changing the mass shell), then
tg2β =∞,
β = π/4, and
sin22β = 1. (23)
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In this case the probability of the νe → νµ transition (oscillation)
is described by the following expression:
P (νe → νµ, t) =

πt4m
2
νe,νµ
2pa

 . (24)
To make these virtual oscillations real, their participation in quasielas-
tic interactions is necessary for the transitions to their own mass shells
[29].
It is clear that the νe → νµ transition is a dynamical process.
Now let us consider the common case. In this case the mass la-
grangian has the following form:
LM = −ν¯RMνL +H.c. ≡
≡ ∑l,l′=e,µ,τ νl′RMl′lνlL +H.c., (25)
M is a complex 3× 3 matrix. It is necessary to remark that the νR is
absent in the weak interactions lagrangian. By using the expression
M = V mU+, (26)
(where V, U - unitary matrices) we transform LM to a diagonal form
LM = −ν¯RmνL +H.c. ≡
≡ ∑3k=1mkν¯kνk +H.c., (27)
where
mik = mkδik,
and
ν
′
L = U
+νL, ν
′
R = V
+νR, ν
′
=


ν1
ν2
ν3

 . (28)
We can see that the lagrangian (25) is invariant at the global gauge
transformation
νk(x)→ eΛνk(x) (29)
or l(x) → eΛl(x), l = e, µ, τ , i.e. lepton numbers are not con-
served separately (i.e. neutrino is mixed) but there appears a lepton
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number l related with the common gauge transformation which is con-
served.
2.4 Schemes of Neutrino Oscillations
Let us consider different schemes of neutrino oscillations.
2.4.a. Neutrino-Antineutrino Oscillations
The suggestion that, by analogy with Ko, K¯o oscillations, there
could be ν, ν¯ oscillations, was considered by B. Pontecorvo in work
[1].
In this case the mass lagrangian of neutrinos has the following
form:
L′M = −12(ν¯e, νe)

 mνeνe mν¯eνe
mνeν¯e mν¯eν¯e



 νe
ν¯e

 . (30)
Diagonalizing this mass matrix by standard methods one obtains the
following expression:
L′M = −12(ν¯1, ν¯2)

 mν1 0
0 mν¯2



 ν1
ν2

 , (31)
where
ν1 = cosθνe − sinθν¯e,
ν2 = sinθνe + cosθν¯e.
These neutrino oscillations are described by expressions (14)-(19) with
the following substitution of νµ → ν¯e.
It is necessary to remark that if these neutrinos are Dirac ones,
then the probability to observe ν¯e is much smaller than the probabil-
ity to observe νe (such neutrinos can be named the ”sterile” neutrinos
(see ref. [3]). It is clear that in this case the lepton numbers are not
conserved, i.e. gauge invariance is violated since the particle trans-
forms into antiparticle in contrast to the νe → νµ transitions where
only aromatic numbers are violated.
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2.4.b. Oscillations of aromatic neutrinos
In the work [2] Maki et al. supposed that there could exist transi-
tions between aromatic neutrinos νe, νµ. Afterwards ντ was found and
then νe, νµ, ντ transitions could be possible. The author of this work
has developed this direction (see [30]). It is necessary to remark that
only this scheme of oscillations is realistic for neutrino oscillations (see
also this work). The expressions which described neutrino oscillations
in this case are given above in expressions (14)-(19).
2.4.c. Majorana neutrino oscillations
Before discussion of neutrino oscillations in this scheme we give
definitions of Majorana neutrinos (more common consideration, in a
formal form, of this question is given in [6, 24]). Majorana fermion in
Dirac representation has the following form [24, 31]:
χM =
1
2
[Ψ(x) + ηCΨ
C(x)], (32)
ΨC(x)→ ηCCΨ¯T (x),
where ηC is a phase, C is a charge conjunction, T is a transposition.
From Exp. (32) we see that Majorana fermion χM has two spin
projections ±12 and then the Majorana spinor can be rewritten in the
following form:
χM(x) =

 χ+ 12 (x)
χ− 12 (x)

 . (33)
The mass Lagrangian of Majorana neutrinos in the case of two neutri-
nos χe, χµ (−12 components of Majorana neutrinos, and χ¯... is the same
Majorana fermion with the opposite spin projection) in the common
case has the following form:
L′M = −12(χ¯e, χ¯µ)

 mχe mχeχµ
mχµχe mχµ



 χe
χµ

 . (34)
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Diagonalizing this mass matrix by standard methods one obtains the
following expression:
L′M = −12(ν¯1, ν¯2)

 mν1 0
0 mν2



 ν1
ν2

 , (35)
where
ν1 = cosθχe − sinθχµ,
ν2 = sinθχe + cosθχµ.
These neutrino oscillations are described by expressions (14)-(19) with
the following substitution of νeµ → χMeµ .
The standard theory of weak interactions is constructed on the
base of local gauge invariance of Dirac fermions. In this case Dirac
fermions have the following lepton numbers ll, which are conserved
(however, see Sect. 2.1),
ll, l = e, µ, τ, (36)
and Dirac antiparticles have lepton numbers with the opposite sign
l¯ = −ll. (37)
Gauge transformation of Majorana fermions can be written in the
form:
χ′+ 12 (x) = exp(−iβ)χ+ 12 (x),
χ′− 12 (x) = exp(+iβ)χ− 12 (x). (38)
Then lepton numbers of Majorana fermions are
lM =
∑
i
lMi (+1/2) = −
∑
i
lMi (−1/2),
i. e., antiparticle of Majorana fermion is the same fermion with the
opposite spin projection.
Now we come to discussion of the problem of the place of Majorana
fermion in the standard theory of weak interactions [32].
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To construct the standard theory of weak interactions [33] Dirac
fermions are used. The absence of contradiction of this theory with
the experimental data confirms that all fermions are Dirac particles.
And in this theory there are numbers which can be connected with
conserving currents. As it is stressed above these numbers are violated
(Sect. 2.1).
Now, if we want to include the Majorana fermions into the stan-
dard theory we must take into account that, in the common case,
the gauge charges of the Dirac and Majorana fermions are different
(especially it is well seen in the example of Dirac fermion having an
electrical charge since it cannot have a Majorana charge (it is worth to
remind that in the weak currents the fermions are included in the cou-
ples form)). In this case we cannot just include Majorana fermions in
the standard theory of weak interactions by gauge invariance manner.
Then in the standard theory the Majorana fermions cannot appear.
2.4.d. Neutrino Oscillations in the case of Dirac-Majorana
mixing type
We do not discuss this mechanism due to the reason mentioned
above. Consideration of this mechanism can be found in [24].
2.4.e. Neutrino Oscillation Enhancement in Matter
At present there exist two mechanisms of neutrino oscillation en-
hancement in matter. A short consideration of these mechanisms is
given below.
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2.4.e.1. Resonant Mechanism of Neutrino Oscillation
Enhancement in Matter
In strong and electromagnetic interactions the left-handed and
right-handed components of spinors participate in a symmetric man-
ner. In contrast to these interactions only the left-handed components
of spinors participate in the weak interactions as it is mentioned above.
This is a distinctive feature of the weak interactions.
In the ultrarelativistic limit, the evolution equation for the neu-
trino wave function νΦ in matter has the form [8], [9]
i
dνPh
dt
= (pIˆ +
Mˆ2
2p
+ Wˆ )νPh, (39)
where p, Mˆ2, Wˆ are, respectively, the momentum, the (nondiagonal)
square mass matrix in vacuum, and the matrix, taking into account
neutrino interactions in matter,
νPh =

 νe
νµ

 , Iˆ =

 1 0
0 1

 ,
Mˆ2 =

 m2νeνe m2νeνµ
m2νµνe m
2
νµνµ

 .
If we suppose that neutrinos in matter behave analogously to the
photon in matter and the neutrino refraction indices are defined by
the expression
ni = 1 +
2πN
p2
fi(0) = 1 + 2
πWi
p
, (40)
(where i is a type of neutrinos (e, µ, τ), N is density of matter, fi(0) is
a real part of the forward scattering amplitude), then W characterizes
polarization of matter by neutrinos (i.e. it is the energy of matter
polarization).
The electron neutrino (νe) in matter interacts via W
±, Z0 bosons
and νµ, ντ interact only via Z
0 boson. These differences in interactions
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lead to the following differences in the refraction coefficients of νe and
νµ, ντ
∆n =
2πN
p2
∆f(0), (41)
∆f(0) = −
√
2
GF
2π
,
where GF is the Fermi constant.
Therefore the velocities (or effective masses) of νe and νµ, ντ in
matter are different. And at the suitable density of matter this differ-
ence can lead to a resonance enhancement of neutrino oscillations in
”matter” [8, 34].
As we can see from the form of Eq. (39), this equation holds the
left-right symmetric neutrinos wave function Ψ(x) = ΨL(x) + ΨR(x).
This equation contains the term W , which arises from the weak inter-
action (contribution of W boson) and which contains only a left-side
interaction of the neutrinos, and is substituted in the left-right sym-
metric equation (39) without indication of its left-side origin. Then
we see that equation (39) is an equation that includes term W which
arises not from the weak interaction but from a hypothetical left-right
symmetric interaction (see also works [10, 30, 35]). Therefore this
equation is not the one for neutrinos passing through real matter. The
problem of neutrinos passing through real matter has been considered
in [10, 30, 35, 36].
In three different approaches: by using mass Lagrangian [35, 30],
by using the Dirac equation [35, 30], and using the operator formalism
[36], the author of this work has discussed the problem of the mass
generation in the standard weak interactions and has come to a con-
clusion that the standard weak interaction cannot generate masses of
fermions since the right-handed components of fermions do not par-
ticipate in these interactions. Also it is shown [37] that the equation
for Green function of the weak-interacting fermions (neutrinos) in the
matter coincides with the equation for Green function of fermions in
vacuum and the law of conservation of the energy and the momen-
tum of neutrino in matter will be fulfilled [36] only if the energy W of
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polarization of matter by the neutrino or the corresponding term in
Wolfenstein equation, is zero (it means that neutrinos cannot generate
permanent polarization of matter). These results lead to the conclu-
sion: resonance enhancement of neutrino oscillations in matter does
not exist.
The simplest method to prove the absence of the resonance en-
hancement of neutrino oscillations in matter is:
If we put an electrical (or strong) charged particle in matter, there
arises polarization of matter. Since the field around the particle is
spherically symmetrical, the polarization must also be spherically sym-
metrical. Then the particle will be left at rest and the law of energy
and momentum conservation is fulfilled.
If we put a weakly interacting particle (a neutrino) in matter then,
since the field around the particle has a left-right asymmetry (weak
interactions are left interactions with respect to the spin direction),
polarization of matter must be nonsymmetrical, i.e. on the left side
there arises maximal polarization and on the right there is zero polar-
ization. Since polarization of the matter is asymmetrical, there arises
asymmetrical interaction of the particle (the neutrino) with matter
and the particle cannot be at rest and will be accelerated. Then the
law of energy momentum conservation will be violated. The only way
to fulfil the law of energy and momentum conservation is to demand
that polarization of matter be absent in the weak interactions. The
same situation will take place in vacuum.
It is interesting to remark that in the gravitational interaction the
polarization does not exist either [38].
2.4.e.2. Enhanced Oscillation of Neutrinos of Different
Masses in Matter
The oscillation probability is estimated for neutrinos of different
masses in their passing through matter of different thickness, including
the Sun [13, 27].
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1) So, if neutrinos of different types have equal masses, real os-
cillations are possible for different types of neutrinos by analogy with
Ko, K¯o oscillation;
2) if neutrino masses are different for different neutrino types, only
virtual neutrino oscillations are possible while real oscillations require
participation of neutrinos in interactions for their transition to the
respective mass shells by analogy with transition of a γ-quantum to
the ρ -meson in the vector dominance model.
We shall estimate the probability for neutrinos to change from
one type νl to another νl′(mνl 6= mνl′ ) in passing through matter.
Neutrino transition to the mass shell will occur via the weak neutrino-
matter interaction (by analogy with the γ − ρo transition or Ko1 , K¯o2
oscillation). We shall assume that difference in mass of νl, νl′ neutrinos
is small enough to consider νl′ the probability of transition to the mass
shell proportional to the total elastic cross section σel(p) for the weak
interaction (for simplicity we shall deal with the oscillation of two
types of neutrinos). Then the length of the elastic interaction of the
neutrino in the matter of density charge Z, atomic number A and
momentum p will be defined as
Λ0 ∼ 1
σel(p)ρ(z/A)
.
If the neutrino mass difference is fairly large, it can be taken into ac-
count by the methods of the vector dominance model [39]. As pointed
out above, we shall assume that this difference is very small and em-
ploy above formula.
The real part of forward scattering amplitude Refi(p, 0) is respon-
sible for elastic neutrino scattering in matter (it is supposed that at
low energies the coherent process takes place). It is related to the
exponential phase term exp(−p∆ir) (as factor to momentum) in the
wave function of particle Ψ(r, ...) and has the following form:
p∆i ≃ 2πNefi(p, 0)
p
, i = νe, νµ, ντ . (42)
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Keeping in mind that [33]
fi(p, 0) ≃
√
2GFp

M2W
M2i

 , (43)
if i = νe, M
2
i =M
2
W ,
if i = νµ, ντ , M
2
i =M
2
Z0 ,
we obtain
p(∆i) ≃
√
2GFNe

M2W
M2i

 .
The phase of the elastic scattering amplitude changes by 2π over the
length
Λi0 ≃ 2π√
2GFρ(z/A)
(
M2W
M2i
) = 2πLi0 ∼ Λ0. (44)
For simplification further we will suppose that M2e ≃ M2µ ≃ M2τ and
then Λi = Λ. (Absorption or the imaginary part of the forward scat-
tering amplitude can be ignored for low-energy neutrinos.)
Knowing that the length of elastic neutrino-matter interaction is
Λ0, we must estimate the oscillation probability for the neutrino pass-
ing through the matter of thickness L. The probability of the elastic
νl interaction in matter of thickness L is
P (L) = 1− exp(−2πL/Λ0). (45)
Then, using formulae (44), (45), we can find the neutrino oscillation
probability ρνlνl′(L) at different thickness L. Averaging the expression
for neutrino oscillation probability [13] over R
Pνlνl′(R) =
1
2
sin22θνlνl′(1− cos2π
R
L0
), (46)
where L0 =
4pip
∆m2 ,
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then we obtain
P¯νlνl′(R) =
1
2
sin2 2θνlνl′ .
Then the oscillation probability ρνlνl′(L) or the mixing angle β at Λ0 ≥
L0 will be defined by the expressions (for simplicity it is supposed that
Λ0 = Λe = Λµ = Λτ ):
a) for L comparable with Λ0,
ρνlνl′(L) =
1
2
sin2 2β ≃ P¯νlνl′ =
1
2
sin2 2θνlνl′ , (47)
where β ≃ θνlνl′ ;
b) for very large L, LΛ0 >
1
sin2 2θνlνl′
≫ 1,
ρνlνl′(L) =
1
2
sin2 2β ≃ 1
2
, (48)
and β ≃ pi4 ;
c) for intermediate L,
ρνlνl′(L) =
1
2
sin2 2θνlνl′ ≤ ρνlνl′(L) ≤
1
2
, (49)
and θνlνl′ ≤ β ≤ pi4 .
If L0 ≥ Λ0 the expressions like (47)-(49) are also true, but Λ0
should be replaced by L0 and the thickness of matter will be deter-
mined in units of L0. Also, since the oscillation length L0 increases
with the neutrino momentum (see (46)), the number of oscillation
lengths n = L/L0 fitting in the given thickness L decreases with in-
creasing neutrino momentum as, accordingly, the neutrino oscillation
probability ρνlνl′(L) does.
Let us consider the neutrino oscillation probability for intermediate
interaction numbers n. The distribution probability of n-fold elastic
neutrino interaction for thickness L with the mean value n¯ = L/Λ0 at
not very large n¯ is determined by the Poisson distribution
f(n, n¯) =
(n¯)n
n!
e−n¯. (50)
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At large n¯ it changes to the Gaussian distribution:
f(n, n¯, n¯) =
1√
2πn¯
e
−(n−n¯)2
2n¯ . (51)
The probability of neutrino conversion from νl to νl and νl′ n-fold
elastic interaction is determined by recursion relations (where θ ≡
θνlνl′) given in works [13, 27].
Here we give the expression for probability for neutrino conversion
at sin2 2θ ≪ 1 for two types of neutrinos (νe, νµ)
ρ(νe → νe) = 1− n¯1
2
sin2 2θ, (52)
ρ(νe → νµ) = n¯1
2
sin2 2θ.
Then enhancement of neutrino oscillation in matter will take place,
i.e. νe neutrinos will transit in νµ, ντ neutrinos, but it is necessary to
take into account that mean numbers of interaction lengths Loµ, L
o
τ of
νµ, ντ will be δ times less and then, correspondingly, n¯ in (52) will be
changed for n¯µ, n¯τ .
δ = n¯e/n¯µ = n¯e/n¯τ ≃ 2.49. (53)
The mean number of elastic interactions of electron neutrinos pro-
duced in the Sun is
ΛSun ≃ 1.7 · 107m, n¯Sune ≃ 40, n¯Sunµ ≃ 16, n¯Sunτ ≃ 16.
It is necessary to mention that the considered mechanisms of en-
hancement of neutrino oscillation in matter lead only to changing the
mixing angles and for their realizations the vacuum mixing angle of
neutrino oscillations must differ from zero.
2.4.f. Neutrino Oscillations in Supersymmetrical Models
Neutrino oscillation in supersymmetrical models is considered in
works (and see references there) [40-42]. Here we do not fulfil de-
tailed considerations of these schemes but want to remark that in
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these schemes side by side the neutrino oscillations the superpartner
of the fermions and bosons must be observed.
3 Experimental Data
3.a. Neutrino Experimental Data from SNO (Canada)
The SNO detector [18], containing 1000 tons of heavy water (D2O),
is placed in a shaft in Sudbury at depth 6010 m water equivalent
(Sudbury Neutrino Observatory).
The neutrinos are detected in the following reactions:
1. νx + e
− → νx + e−, Ethre ≃ 6 MeV (ES),
2. νe + d→ p + p + e− , Ethre ≃ 1.45 MeV (CC),
3. νx + d→ p+ n+ νx , Ethre ≃ 2.23 MeV (NC),
x = e, µ, τ .
Reaction 1 goes through charged and neutral currents, if x = e,
and neutral if x = µ, τ ; reaction 2 goes through charged current, and
reaction 3 through neutral current. Using any couple of the reactions
we can find the primary flux of the Sun neutrinos. Sudbury reported
first results in [20, 43]. These results are obtained for the Sun neutrinos
with threshold Eeff ≥ 6.75MeV .
Figure 1 shows the distribution of cosθ (a), and kinetic energy
spectrum with a statistical error (b) with the 8B spectrum [44] scaled
to the data. The ratio of the data to the prediction [45] is shown in
(c). The bands represent the 1σ uncertainties derived from the most
significant energy-dependent systematic errors. There is no evidence
for a deviation of the spectral shape from the predicted shape on the
non-oscillation hypothesis.
Normalized to the integrated rates above the energy Eeff = 6.75
MeV, the flux of neutrinos is (from reactions 2 and 1):
φCCSNO(νe) = 1.75± 0.07(stat.) + 0.12(−0.11)(syst.) (54)
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±0.05(theor.)× 106cm−2s−1 ,
φESSNO(νx) = 2.39±0.34(stat.)+0.16(−0.14)(sys.)×106cm−2s−1, (55)
where the theoretical uncertainty is the CC cross section uncertainty.
The neutrinos flux (55) measured on SNO is consistent with the same
flux measured on Super-Kamiokande (58).
Figure 1: Distributions of (a) cosθsun, and (b) extracted kinetic energy
spectrum for CC events with R ≤ 5.50 m and Teff ≥ 6.75 MeV. The
Monte Carlo simulations for an undistorted 8B spectrum are shown
as histograms. The ratio of the data to the expected kinetic energy
distribution with correlated systematic errors is shown in (c). The
uncertainties in the 8B spectrum have not been included
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The difference between ν flux deduced from the ES rate and that
deduced from the CC rate is
φSNO = 0.64± 0.40× 106cm−2s−1.
It is the νµ, ντ flux measured through NC.
The best fit to the φSNO(νµτ) flux is:
φSNO(νµτ) = 3.69± 1.13× 106cm−2s−1. (56)
The ratio of the SNO CC flux to the solar model [44 ] is
φCCSNO
φBPB00
= 0.347± 0.029.
The total flux of active 8B neutrinos is determined to be:
φSNO(νx) = 5.44± 0.99× 106cm−2s−1. (57)
This result is in a good agreement with prediction of the standard
solar models [45, 46].
The SNO results are the first direct indication of the non-electron
flavor components in the solar neutrino fluxes, and it is, practically
[45, 46], the total flux of 8B neutrinos generated by the Sun.
3.b. Neutrino Experimental Data from Super-Kamiokande
(Japan)
The Super-Kamiokande detector [15, 16] is a cylindrically-sharped
water Cherenkov detector with 50000 ton of ultra-pure water. It is lo-
cated about 1000m (2700 m.w.e.) underground in the Kamioka mine.
Super-Kamiokande is a multipurpose experiment, and solar and at-
mospheric neutrino physics is one of its main topics.
i). The Sun neutrino fluxes measured in Super-Kamiokande detec-
tor [47] through the electron scattering reaction 1. νx + e
− → νx + e−
thre ≃ 5 MeV are as follows:
φESSK(νe) = 2.32±0.03(stat.)+0.08(−0.07)(syst.)×106cm−2s−1. (58)
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These fluxes are in a good consistence with the Sun neutrino fluxes
measured in SNO.
Figure 2: Zenith angle distribution of Super-Kamiokande 1289 days
FC, PC and UPMU samples. Dots, solid and dashed lines correspond
to data, MC with no oscillation and MC with best fit oscillation pa-
rameters, respectively
The day-night asymmetry A is
A =
(Φn − Φd)
((Φn + Φd)/2)
= 0.033± 0.022(stat.) + 0.013(−0.012)(syst.).
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This is 1.3σ from the zero asymmetry.
ii). Atmospheric neutrinos are produced by the interactions of the
primary cosmic rays on nuclei of the Earth atmosphere. The atmo-
spheric neutrinos at a few GeV have ratio 2 (νµ + ν¯µ)/(νe + ν¯e). The
events observed in Super-Kamiokande are categorized into four types:
(1) Fully Contained (FC) events, which have their vertex in the de-
tector and all visible particles contained in the detector. (2) Partially
Contained (PC) events, which have their vertex in the detector and at
least one visible particle exits from the detector. (3) Upward through-
going muons which are produced by the νµ charged current interaction
in the rock surrounding the detector and go through the detector. (4)
Upward stopping muons which are produced by the νµ charged current
interaction in the rock surrounding the detector but stop in the de-
tector. The primary neutrino (νe-like and νµ-like) energy are divided
in two regions: (1) Eν ≤ 1.33 GeV sub-GeV, (2) Eν > 1.33GeV multi
GeV.
Figure 2 gives the zenith angle distribution of Super-Kamiokande
1289 days samples [48]. Dots, solid and dashed lines correspond to the
data, MC with no oscillation and MC best oscillation parameters [49],
respectively (∆m = 2.5× (10)−3eV 2, sin22θ = 1.00) . These data are
well explained by νµ → ντ 2-flavor oscillations and are consistent with
ντ appearance roughly at the two-sigma level.
4 Conclusions from Comparison of the Experi-
mental Data with Theoretical Scheme Predic-
tions on Neutrino Oscillations
1. In the Super-Kamiokande experiment on atmospheric neutrinos
the deficit of muonic neutrinos is detected. The analysis shows that
they can transit only in ντ neutrinos. The νµ → νe transition in this
experiment is not observed. From this fact we can conclude (taking
into account SNO results) that the length of νµ → ντ transitions is of
the order of the Earth diameter, and the angle θ of νµ → ντ transitions
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is near to the maximal mixing angle θ ∼= π/4. Then the length of
νµ → νe transitions is much more than the Earth diameter. The SNO
experimental data also confirm, through neutral current registration,
νµ → ντ transitions with the same mixing angle.
2. From the SNO experimental data on straight registration neu-
trinos (by neutral and charge currents in case νe and neutral current in
the case νµ, ντ) we can come to the following conclusion: the primary
νe neutrinos transit in equally proportions in µe, νµ, ντ neutrinos, i.
e., mixing angles θ(...) of νe, νµ, ντ are equal to the maximal angles of
mixing. The length of νe → νµ, µτ oscillations is less than the distance
to the Sun.
Come to comparison of these results with the predictions in the
above-considered theoretical schemes on neutrino oscillations.
4.a. Neutrino-Antineutrino Oscillations
In the existing experimental results the neutrinos disappearance
has not been detected (see above), i. e., this mechanism is not con-
firmed.
4.b. Aromatic Neutrino Oscillations
This scheme was confirmed by experiments.
Pontecorvo-Gribov type oscillations for aromatic neutrinos max-
imal mixing angle can be realized only at neutrino masses equality
mνe = mνµ = mντ . It is hardly probable that the neutrino masses are
equal. The length of µµ → ντ oscillations nearly is equal to the Earth
diameter, and the length of νe → ντ oscillations is more much than
the Earth diameter. Then more probable is the type of oscillations
suggested by the author [36], θ(...) = π/4 (see Sect. 2 and below) and
the transition between oscillating neutrinos is virtual. Here neutrino
oscillations can take place in the charge mixings scheme [50]. It is sup-
posed that the neutrinos are mixed via weak interactions and therefore
if we consider charge mixings of two neutrinos-a, b, then the mixing
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angles must be
sinθ ∼= gw(a)√
g2w(a) + g
2
w(b)
∼= 1√
2
,
since gw(a) ∼= gw(b), where gw(a), gw(b) are weak couple constants of
a, b neutrinos.
4.c. Majorana Neutrino Oscillations
From the above-considered discussion (see Sect. 2.4.c) we can
come to a conclusion that the Dirac and Majorana gauge charges are
different and therefore we cannot put Majorana fermions in the Dirac
theory. Then it is obvious that this scheme of neutrino oscillations
cannot be realized.
4.d. Neutrino Oscillations in the Scheme of Majorana-
Dirac Mixing Type
We do not discuss this scheme for the reason given above (see Sect.
2.4.c). It is clear that this scheme cannot be realized in the experiment
either.
4.e. Mechanisms of Neutrino Oscillations Enhancement
in Matter
4.e.1 Mechanism of Resonance Enhancement of Neutrino
Oscillations in Matter
The experimental data on energy spectrum and day-night effect
obtained in Super-Kamiokande (energy spectrum of neutrinos is not
distorted, day-night effect is within the experimental mistakes) and the
results obtained in SNO have not confirmed this effect. Besides, this
effect can be realized only at the violation of the law of the energy-
momentum conservation (see Section 2.4.e.1. in this work and Ref.
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[26]).
4.e.2. Mechanism of Accumulation of the Neutrino
Different Masses in Matter
This mechanism effectively works only at small mixing angles.
Since the mixing angles discovered in SNO and Super-Kamiokande
are maximal, then we can neglect the contribution of this mechanism
to the neutrino oscillations.
4.f. Neutrino Oscillation in Supersymmetric Models
This type of oscillations can be confirmed only in case of discov-
ery of the superpartners of fermions and bosons besides the neutrino
oscillations.
5 Conclusion
The theoretical schemes on neutrino oscillations are considered. The
experimental data on neutrino oscillations from Super-Kamiokande
(Japan) and SNO (Canada) are given. The comparison of these data
with theoretical schemes has been done. We have come to a conclu-
sion: The experimental data confirm only the scheme with transitions
(oscillations) between aromatic νe, νµ, ντ neutrinos with maximal mix-
ing angles. This scheme was suggested by Z. Makki et al., in 1962
[2] and repeated by B. Pontecorvo in 1967 [3] and subsequently is de-
veloped by Kh. Beshtoev (see references in this work). Besides, this
mechanism of a neutrino oscillations is the only one which is theoret-
ically substantiated.
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